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Abstract 

In this paper, we present some common fixed point theorems for a 
commuting pair of mappings, including a generalized nonexpansive sin- 
glevalued mapping and a generalized nonexpansive multivalued map- 
ping in strictly convex Banach spaces. The results obtained in this 
paper extend and improve some recent known results. 
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1 Introduction 

The study of fixed points for multivalued contractions and nonexpansive 
mappings using the Hausdorff metric was initiated by Markin [I] and Nadler 
[2]. Since then the metric fixed point theory of multivalued mappings has 
been rapidly developed. Using the Edelstein's method of asymptotic cen- 
ters, Lim [3] proved the existence of fixed points for multivalued nonex- 
pansive mappings on uniformly convex Banach spaces. Kirk and Massa [4J 
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extended Lim's theorem to Banach spaces for which the asymptotic center 
of a bounded sequence in a bounded closed convex subset is nonempty and 
compact. 

On the other hand, in 2008, Suzuki [5] introduced a condition on map- 
pings, called condition (C), which is weaker than nonexpansiveness and 
stronger than quasi nonexpansiveness. He then proved some fixed point 
and convergence theorems for such mappings. Motivated by this result, J. 
Garcia- Falset, E. Llorens-Fuster and T. Suzuki in [6], introduced two kinds 
of generalization for the condition (C) and studied both the existence of 
fixed points and their asymptotic behavior. Very recently, the current au- 
thors used a modified condition for multivalued mappings, and proved some 
fixed point theorems for multivalued mappings satisfying this condition in 
Banach spaces [7, 8J, as well as in CAT(O) spaces [9]. 

Let D be a nonempty subset of a strictly convex Banach space X, and 
let T : D — > KC(D) be a generalized nonexpansive multivalued mapping in 
the sense of Garcia- Falset et al., that is, a mapping satisfying the conditions 
(E) and (C\) (see Definitions 2.9 and 2.10). Moreover, let t : D ->• D be a 
single valued mapping satisfying the conditions (E) and (C\) of definitions 
2.2 and 2.3. We call t a single-valued generalized nonexpansive mapping. 
We assume that t and T commute, and that the asymptotic center of a 
bounded sequence in the fixed point set of t is nonempty and compact. The 
main result of this paper says that t and T have a common fixed point (see 
Theorem 3.5). Our result improves a number of known results; including 
that of Suzuki [5], Garcia et al. [6|, Kirk and Massa [1], Dhompongsa et al. 
PEJ, and of Lim 0. 
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2 Preliminaries 



Let X be a Banach space. X is said to be strictly convex if ||x+y|| < 2 for all 
x,y G X, \\x\\ = \\y\\ = 1 and x ^ y. We recall that a Banach space X is said 
to be uniformly convex in every direction (UCDE, for short) provided that 
for every e S (0,2] and z € X with \\z\\ = 1, there exists a positive number 
5 (depending on e and z) such that for all x,y £ X with ||x|| < 1, ||y|| < 1, 
and x — y £ {iz : i 6 [—2, — e] U [e, 2]} we have \\x + y\\ < 2(1 — 5). X is said 
to be uniformly convex if X is UCED and inf{5(e,z) : ||z|| = 1} > for all 
e G (0, 2]. It is obvious that uniformly convexity implies UCED, and UCED 
implies strictly convexity. 
The following definition is due to Susuki [5]. 

Definition 2.1. Let T be a mapping on a subset D of a Banach space 

X. T is said to satisfy condition (C) if 

-\\x — Tx\\ < \\x — y\\ \\Tx — Ty\\ < \\x — y\\, x,y € E. 

Example ([5]). Define a mapping T on [0,3] by 



T(x) = < 



0, x ^ 3 

1, x = 3. 



Then T satisfies the condition (C), but T is not continuous, and hence T is 
not nonexpansive. 

In [6], J. Garcia- Falset et al. introduced two generalizations of the con- 
dition (C) in a Banach space: 

Definition 2.2. Let T be a mapping on a subset D of a Banach space X 
and [i > 1. T is said to satisfy condition (E^) if 

II x — Ty\\ < (j,\\x — Tx\\ + \\x — y\\, x,y £ D. 



We say that T satisfies condition (E) whenever T satisfies the condition 
(Efj) for some fj, > 1. 

Definition 2.3. Let T be a mapping on a subset D of a Banach space X 
and A £ (0, 1). T is said to satisfy condition (C\) if 

X\\x — Tx\\ < \\x — y\\ \\Tx — Ty\\ < \\x — y\\, x,y G D. 

Notice that if < Ai < A2 < 1 then the condition (C^) implies the 
condition (C\ 2 ). The following example shows that the class of mappings 
satisfying the conditions (E) and (C\) for some A G (0, 1) is broader than 
the class of mappings satisfying the condition (C). 
Example ([6]). For a given A G (0, 1) define a mapping T on [0,1] by 

T(x) = 

l+A ™ — 1 

2+A' 

v 

Then the mapping T satisfies condition (C\) but it fails condition (Cy) 
whenever < A < A'. Moreover T satisfies condition (E^) for /x = ^rp. 

Theorem 2.4. (f^) Let D be a nonempty bounded convex subset of a Ba- 
nach space X. Let T : D — > D satisfy the condition (C\) on D for some 
A G (0, 1). For r G [A, 1) define a sequence {x n } in D by taking x\ G D and 

x n+1 = rT(x n ) + (1 - r)x n for n > 1, 

then {x n } is an approximate fixed point sequence for T , that is 

lim d(x n ,T(x n )) = 0. 

n— yoo 

Lemma 2.5. (fU^) Let T be a mapping defined on a closed subset D of a 
Banach space X. Let T be a single valued mapping satisfying the conditions 
(E) and (C\) for some A G (0,1). Then Fix(T) is closed. Moreover, if X is 
strictly convex and D is convex, then Fix(T) is also convex. 
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Let D be a nonempty subset of X Banach space X. for x € X denote 

dist(x,D) = inf{\\ x — z ||: z G D}. 

We denote by CB{D) and KC(D) the collection of all nonempty closed 
bounded subsets, and nonempty compact convex subsets of D respectively. 
The Hausdorff metric H on CB(X) is defined by 

H(A, B) := maxjsup dist(x, B), sup dist(y, A)}, 

x£A y£B 

for all A,B € CB(X). 

Let T : X — > 2^ be a multivalued mapping. An element iGlis said to be 
a fixed point of T, if x € Tx. 

It is obvious that if D is a convex subset of strictly convex Banach space 
X, then for x £ JT, if there exist y,z £ D such that 

|| a: — j/ ||= dist(x,D) =\\ x — z \\ 

then y = z. 

Definition 2.6. A multivalued mapping T : X — > CB(X) is said to be 
nonexpansive provided that 

H(Tx, Ty) < \\x — y\\, x,y G X. 

We state Suzuki's condition for multivalued mappings as follows: 

Definition 2.7. A multivalued mapping T : X — >■ CB(X) is said to satisfy 
the condition (C) provided that 

-dist(x,Tx) < \\x — y\\ =^ H(Tx,Ty) < \\x — y\\, x,y € X. 

We now state the multivalued analogs of the conditions (E) and (C\) in 
the following manner (see also [9]): 
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Definition 2.8. A multivalued mapping T : X — > CB(X) is said to satisfy 
condition (E^) provided that 

dist(x,Ty) < /idist(x,Tx) + \\x — y\\, x,y G X. 

We say that T satisfies condition (E) whenever T satisfies (E^) for some 
/i > 1. 

Definition 2.9. A multivalued mapping T : X — > CB(X) is said to satisfy 
condition (C\) for some A G (0, 1) provided that 

Xdist(x,Tx) < \\x — y\\ H(Tx,Ty) < \\x — y\\, x,y G X. 

Lemma 2.10. Let T : X — > CB(X) be a multivalued nonexpansive map- 
ping, then T satisfies the condition {E\). 

We now provide an example of a generalized nonexpansive multivalued 
mapping satisfying the conditions (C\) and (E) which is not a nonexpansive 
multivalued mapping (for details, see [9]). 

Example. We consider a multivalued mapping T on [0, 5] given by 

[0,f] 5 x^5 
{1} x = 5. 

This mapping has the required properties. Finally we recall the following 
lemma from 

Lemma 2.11. Let {z n } and {w n } be two bounded sequences in a Banach 
space X, and let < A < 1. If for every natural number n we have z n+ \ = 
\w n + (l-X)z n and\\w n+ i-w n \\ < \\z n+ i-z n \\, then linin^oo \\w n - z n \\ =0. 

3 Common fixed point 

Let D be a nonempty bounded closed convex subset of a Banach space 
X and {x n } a bounded sequence in X, we use r(x,{x n }) and A(D,{x n }) 
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T(x) 



to denote the asymptotic radius and the asymptotic center of {x n } in D, 
respectively, i.e. 

r(D, {x n }) = infjlimsup \\x n — x\\ : x € D}, 

A(D, {x n }) = {x G D : limsup \\x n — x\\ = r(D, {x n })}. 

Obviously, the convexity of E implies that A{D, {x n }) is convex. It is known 
that in a UCED Banach space X, the asymptotic center of a sequence with 
respect to a weakly compact convex set is a singleton; the same is true for 
a sequence in a bounded closed convex subset of uniformly convex Banach 
space X [12] . 

Definition 3.1. A bounded sequence {x n } is said to be regular with respect 
to D if for every subsequence {x' n } we have 

r(D,{x n })=r(D,{x'J); 

further, {x n } is called asymptotically uniform relative to D if 

A(D,{x n }) = A(D,{x' n }). 

The following lemma was proved by Goebel and Lim. 

Lemma 3.2. (see ]13j and J3J/J. Let {x n } be a bounded sequence in X and 
let D be a nonempty closed convex subset of X. 

(i) then there exists a subsequence of {x n } which is regular relative to D. 

(ii) if D is separable, then {x n } contains a subsequence which is asymp- 
totically uniform relative to D. 

Theorem 3.3. Let D be a nonempty closed convex bounded subset of a 
Banach space X. Let t : D — > D be a single valued mapping satisfying the 
conditions (E) and (C\) for some A € (0, 1). Suppose the asymptotic center 
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relative D of each sequence in D is nonempty and compact. Then T has a 
fixed point. 

Proof. By Theorem 2.4, there exists a sequence {x n } in D such that 

lim dist(x n ,Tx n ) = 0. 

n— ►oo 

Since A(D, {x n }) is nonempty convex and compact, by invoking Theorem 
2.4 again, there exists a sequence {z n } such that limn^oo dist(z n , Tz n ) = 0. 
By passing to subsequence we can assume that liuin^oo z n = z. By condition 
E, there exists \i > 1 such that 

\\z n ~ Tz\\ < fj,\\z n - Tz n \\ + \\z n - z\\. 

Taking limit in the above inequality we obtain Tz = z. □ 

Definition 3.4. Let D be a nonempty closed convex bounded subset of a 
Banach space X, and lett:D—>X and T : D — > CB(X) be two mappings. 
Then t and T are said to be commuting if for every x,y £ D such that 
x G Ty and ty £ D, we have tx G Tty. 

We now state and prove the main result of this paper. 

Theorem 3.5. Let D be a nonempty closed convex bounded subset of a 
strictly convex Banach space X , t : D —> D be a single valued mapping, 
and T : D — > KC{D) be a multivalued mapping. Assume that both map- 
pings satisfy the conditions (E) and (C\) for some A € (0,1), and that 
t, T commute. If the asymptotic center relative Fix(t) of each sequence in 
Fix{t) is nonempty and compact, then there exists a point z € D such that 
z = t(z) G T(z). 

Proof. By Theorem 3.3 the mapping t has a nonempty fixed point set Fix{t) 
which is a closed convex subset of X (by Lemma 2.5). We show that for 
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x G Fix(t), Tx n Fix(t) / 0. To see this, let x G Fix(t), since t and T 
commute, we have ty G Tx for each y G Tx. Therefore Tx is invariant under 
t for each x G Fix(t). Since Tx is a nonempty compact convex subset of a 
Banach space X, the asymptotic center in Tx of each sequence is nonempty 
and compact. Therefore by Theorem 3.3 we conclude that t has a fixed point 
in Tx and therefore Tx n Fix(t) ^ for x G Fix(t). 

Now we find an approximate fixed point sequence for T in Fix(t). Take 
xo G Fix(t), since TxonTix(i) / 0, we can choose yo £ TxonTix(t). Define 

xi = (1 - A)x + Ay - 

Since Fix(t) is a convex set, we have x\ G Fix(t). Let yi G T(xi) be chosen 
in such a way that 

1 1 2/0 - 2/1 II = dist(y ,T(x 1 )). 
We see that yi G Fix(t). Indeed, we have 

A ||2/o - ty \\ = < 1 1 2/0 - 2/1 1|- 
Since t satisfies the condition (C), we get 

1 1 2/0 - tyi|| = 11*2/0 - tyi\\ < 1 1 2/0 - 2/1 II 

which contradicts the uniqueness of y\ as the unique nearest point of yo 
(note that ty\ G Txi). Similarly, put 

x 2 = (1 - A)xi + Ayi, 

again we choose j/2 G T(x 2 ) in such a way that 

II2/1 - 2/2 1| = dist(y 1 ,T(x 2 )). 

By the same argument, we get y 2 G Fix(t). In this way we will find a 
sequence {x ra } in Fix(t) such that 

x n+ i = (1 - A)x n + Ay n . 
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where y n G T(x n ) n Fix(t) and 

||2/n-i - yn|| = dist(y n - 1 ,T(x n )). 
Therefore for every natural number n > 1 we have 

^ll^n — 2/n|| = \\%n ^n+l|| 

from which it follows that 

\dist(x n ,T(x n )) < X\\x n - y n \\ = \\x n - x n+1 \\, n > 1. 

Our assumption now gives 

H(T(x n ),T(x n+1 )) < \\x n - x n+1 \\, n > 1, 

hence for each n > 1 we have 

\\y n ~ Vn+iW = dist(y n ,T(x n+1 )) < H(T(x n ),T(x n+1 )) 

^ || x n X n -\-\ || . 

We now apply Lemma 2.11 to conclude that limn—^oo \\x n — 2/n| — where 
y n G T{x n ). From Lemma 3.2 by passing to a subsequence, we may as- 
sume {x n } is regular asymptotically uniform relative to Fix(t). Let r = 
r(Fix(t), {x n }). Now, we show that Tx n A(Fix(t), {x n }) ^ for x G 
-A(Fza;(t), {x n }). The compactness of T(x n ) implies that for each n we can 
take y n G T(x n ) such that 

||x n — ?/ n || = dist{x n ,T(x n y). 

Suppose x G {x ra }). Since T(x) is compact, for each n, we choose 

z n G T(x) such that 

Ikn - Vn\\ = dist(y n ,T(x)). 
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By assumption there exist (i > 1 such that 

\\y n - z n \\ = dist(y n ,Tx) < H(T(x n ),T(x)) 

< fidist(x n ,T(x n )) + \\x n - x\\. 

Since T(x) is compact, the sequence {z n } has a convergent subsequence 
{z nk } with limfc^oo z nk = z G T(x). Note that 

ll X ™fc ~~ Z \\ — \\ x n k ~ Vn h || + \Vn h ~ %n h || + \\ z n k ~ z \\ 

This entails 

limsup \\x nk — z\\ < limsup \\x nk — x|| < r. 

Since {x n } is regular asymptotically uniform relative to Fix(t), this shows 
that z G A(Fix(t), {x„J) = A(Fix(t), {x n }) therefore 

z G TxC\ A(Fix(t),{x n }). 

Now, we show that there exists a sequence {z n } C A(Fix(t), {x n }) such 
that lim dist n ^ OCJ (z n , Tz n ) = 0. Indeed, take zq G A(Fix(t), {x ra }), since 
Tz n ,4(Fzx(t),{x n }) / 0, there exists y G Tz n A(Fix(t), {x„}). We 
define 

zi = (1 - A)z + Ay - 

Since A(Fix(t), {x n }) is convex, we have z\ G ifFafi),^,,}). 
Similarly, since Tzi n ^4(Fix(t), {x n }) / 0, by the compactness of Tz\ n 
^4(Fix(t), {x„}) we can choose y\ G Tzi n A(Fix(t), {x n }) in such a way 
that 

\\yo — 2/1 1| = dist(yo,Tz! Ci A(Fix(t),{x n })). 
In this way we will find a sequence {z n } G yl(Fzx(t), {x n }) such that 

z n+ i = (1 - \)z n + Ay„ 
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where y n G Tz n n A(Fix(t), {x n }) and 

- Vn\\ = dist(y n - 1 ,Tz n nA(Fix(t),{x n })). 
Therefore for every natural number n > 1 we have 

'Mkn — Vn\\ = \\z-n ~ z n+l \\ 

from which it follows that 

Xdist(z n ,T(z n )) < X\\z n - y n \\ = \\z n - z n+ i\\, n>l. 
Our assumption now gives 

H(T(z n ),T(z n+1 )) < \\z n -z n+1 \\, n > 1, 

hence 

||y„-y n +i|| = dist(y n ,T(z n+1 )) < H(T(z n ),T(z n+1 )) < \\z n -z n+1 \\, n>\. 

We now apply Lemma 2.11 to conclude that linij^oo \\z n — y n \\ = where 
y n G T{z n ). 

Since z n G J 4(Fix(t), {x n }), and A(Fia;(i), {x n }) is compact, by passing 
to subsequence we may assume that z n is convergent to z G A(Fix(t), {x n }) 
as n — > oo. Since Tz is compact, for each n > 1, we can choose w n G Tz 
such that \\w n — z n \\ = dist(z n ,Tz). Moreover w n G Fix(t) for all natural 
numbers n > 1. Indeed, since 

A||z n - te n || = < ||w n - z n ||, n > 1, 

we have 

\\Zn ^^n|| — ||^^n tz n \\ ^ \\w n ^n||* 

Since z G Fix(t) and tt; ra G T(z), by the fact that the mappings t and T 
commute, we obtain tw n G Ttz = Tz. Now, by the uniqueness of w n as the 

12 



nearest point to z n , we get tw n = w n G Fix(t). 

Since Tz is compact the sequence {w n } has a convergent subsequence {w nk } 
with linifc^oo w Uk = w £ Tz. Because w nk G Fix(t) for all n, and Fixit) is 
closed, we obtain w G Fix(t). By assumption there exists /j > 1 such that 

dist(z nk ,Tz) < (idist(z nk ,T(z nK )) + \\z rik - z\\. 

Note that 

\\Zn k ~ w\\ < lkn fc - ^n fc || + \\Wn k ~ w\\ 

< fidist(z nk ,T(Zn k )) + \\w nk - w\\ + \\z nk - z\\. 

This entails 

limsup \\z nk — w\\ < limsup \\z nk — z\\. 

k— >oo k— J-oo 

We conclude that z = w, hence z = tz G Tz. 

□ 

Theorem 3.6. Let D be a nonempty closed convex bounded subset of a 
uniformly convex Banach space X, t : D — > D, and T : D — >■ KC{D) a 
single valued and a multivalued mapping, both satisfying the conditions (E) 
and (C\) for some A G (0, 1). Assume that t, T commute. Then there exists 
a point z G D such that z = t(z) G T{z) . 

Proof. By Theorem 3.3 the mapping t has a nonempty fixed point set Fix(t) 
which is a closed convex subset of X (by Lemma 2.5). Since X is uniformly 
convex, we have asymptotic center relative Fix(t) of each sequence in Fix{t) 
is nonempty and singleton (hence compact). Therefore, by theorem 3.5, T 
has a fixed point. □ 

Theorem 3.7. Let D be a nonempty weakly compact convex subset of a 
UCED Banach space X. Lett : D ->■ D, and T : D -)• KC(D) be a single 

13 



valued and a multivalued mapping respectively, both satisfying the conditions 
(E) and (C\) for some A € (0,1). Assume that t, T commute. Then there 
exists a point z € D such that z = t(z) G T(z) . 

Proof. By Theorem 3.3 the mapping t has a nonempty fixed point set Fix(t) 
which is a closed convex subset of X (by Lemma 2.5). Since D is weakly 
compact we conclude that Fix{t) is weakly compact. Since X is UCED, 
we conclude that the asymptotic center relative Fix(t) of each sequence in 
Fix(t) is nonempty and singleton (hence compact). Therefore, by Theorem 
3.5, T has a fixed point. □ 

Theorem 3.8. Let D be a nonempty compact convex subset of a strictly 
convex Banach space X, t : D — >■ D, and T : D — > KC(D) a single valued 
and a multivalued mapping, both satisfying the conditions (E) and {C\) for 
some A G (0, 1). Assume that t, T commute. Then there exists a point z € D 
such that z = t(z) € T(z). 

Proof. By Theorem 3.3 the mapping t has a nonempty fixed point set Fix(t) 
which is a closed convex subset of X (by Lemma 2.5). Since D is compact 
we conclude that Fix{t) is compact. Since X is strictly convex, we infer that 
the asymptotic center relative Fix(t) of each sequence in Fix(t) is nonempty 
and compact. Therefore, by Theorem 3.5, T has a fixed point. □ 

Theorem 3.9. Let D be a nonempty closed convex bounded subset of a 
strictly convex Banach space X. Let t : D — > D, and T : D — > KC(D) be two 
nonexpansive mappings. Assume that t, T commute. Suppose the asymptotic 
center relative Fix{t) of each sequence in Fix(t) is nonempty and compact. 
Then there exists a point z € D such that z = t(z) £ T(z). 

Proof. By Lemma 2.10 the mapping T satisfies the condition E\. we also 
note that T satisfies the condition (C\) for all A G (0, 1). So the result follows 
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from Theorem 3.5 □ 

Corollary 3.10. Let D be a nonempty closed convex bounded subset of a 
uniformly convex Banach space X. Let t : D — > D, and T : D — > KC{D) be 
two nonexpansive mappings. Assume that t, T commute. Then there exists 
a point z G D such that z = t(z) G T(z) . 

Corollary 3.11. Let E be a nonempty weakly compact convex subset of a 
UCED Banach space X . Let t : D -> D, and T : D -> KC{D) be two 
nonexpansive mappings. Assume that t, T commute. Then there exists a 
point z G D such that z = t(z) G T(z) . 

Corollary 3.12. Let D be a nonempty compact convex subset of a strictly 
convex Banach space X. Let t : D — > D, and T : D — > KC(D) be two 
nonexpansive mappings. Assume that t, T commute. Then there exists a 
point z G D such that z = t(z) G T(z). 
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